Abstract. We give a spectral theorem for unital representations of Hermitian commutative unital * -algebras by possibly unbounded operators in pre-Hilbert spaces. A more general result is known for the case in which the * -algebra is countably generated.
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Our main result is the following: Theorem 1. Let π be a unital representation of a Hermitian commutative unital * -algebra A in a pre-Hilbert space H = {0}. The operators π(a) (a ∈ A) then are essentially normal in the completion of H. The spectrum sp(π) ⊂ ∆(A) = ∆ * (A) of the representation π is defined by sp(π) := τ • π ∈ C A : τ ∈ ∆ π(A) .
There exist a σ-algebra E on sp(π), and a spectral measure P defined on E and acting on the completion of H, with the following properties: (i) the functions a | sp(π) are E-measurable for all a ∈ A,
(ii) for each a ∈ A, the closure π(a) equals sp(π) a | sp(π) dP , (iii) for each a ∈ A, the spectral resolution of the normal operator π(a) is the image a | sp(π) (P ) of P under a | sp(π) , (iv) a bounded operator b commutes with the normal operators π(a) (a ∈ A) if and only if b commutes with P . In particular, the normal operators π(a) (a ∈ A) commute spectrally.
In case the * -algebra is countably generated, the above theorem is contained in a result of Savchuk and Schmüdgen [7, Theorem 7 p. 46] .
Notation and terminology are explained in the following section. A proof is given in section 5 below.
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2.1. Representations. Let (H, ·, · ) be a pre-Hilbert space. Denote by End(H) the algebra of linear operators mapping H to H. Let A be a * -algebra. By a representation of A in H we shall understand an algebra homomorphism π from A to End(H) such that π(a)x, y = x, π(a * )y for all a ∈ A, and all x, y ∈ H.
Then R(π) := π(A) is a * -algebra as is easily seen. (Please note that End(H) need not be a * -algebra for this.)
2.2. Unitisation and Spectrum. We require a unit in an algebra to be non-zero. The notation e is reserved for units. We denote the unitisation of an algebra A by A. (If the algebra A is unital, then the unitisation A is defined to be A itself.)
The spectrum sp(a) = sp A (a) of an element a of an algebra A is defined as the set of complex numbers λ such that λe−a is not invertible in A. The spectrum in an algebra is the same as in the unitisation.
Homomorphisms and
Spectra. An algebra homomorphism between unital algebras is called unital if it takes unit to unit.
If π : A → B is an algebra homomorphism, then
(See e.g. [9, Theorem (4.9) p. 15].) Also, as is easily seen,
If A is an algebra, we denote by ∆(A) the set of multiplicative linear functionals on A. The Gel'fand transform of a ∈ A is denoted by a.
The above formulae (1) and (2) imply that in an algebra A one has
as 0 ∈ sp(a) if A is has no unit, cf. e.g. [9, Proposition (4.7) p. 14]. If A is a * -algebra, we denote by ∆ * (A) the set of Hermitian multiplicative linear functionals on A.
2.4. Hermitian * -Algebras. A * -algebra is called Hermitian if the spectrum of each of its Hermitian elements is real.
The above formula (1) also shows that if π is a * -algebra homomorphism from a Hermitian * -algebra A to another * -algebra, then the range * -algebra π(A) is Hermitian. In particular, if π is a representation of a Hermitian * -algebra A in a pre-Hilbert space, then R(π) = π(A) is a Hermitian * -algebra.
The above formula (3) implies that a multiplicative linear functional on a Hermitian * -algebra A is Hermitian: ∆ * (A) = ∆(A). See for example [9, Theorem (4.8) p. 14].
Let a be an element of an algebra A such that sp(a) does not contain
is called the Cayley transform of a. The Rational Spectral Mapping Theorem implies that 1 is never in the spectrum of a Cayley transform.
(Because the corresponding Moebius transformation does not assume the value 1.) In particular e − g is invertible in A. A simple computation then shows that a can be regained from g as the inverse Cayley transform a = i (e − g) −1 (e + g).
The Rational Spectral Mapping Theorem implies that the spectrum of a is real if and only if the spectrum of its Cayley transform g is contained in the unit circle.
If A is a * -algebra, and if a is Hermitian, then g is unitary, i.e. g * g = gg * = e. This follows from the above commutativity property. If A is a Hermitian * -algebra, then the Cayley transformation of a Hermitian element of A is well-defined.
3.2.
Resolutions of Identity and the SNAG Theorem. A resolution of identity is a spectral measure P defined on the Borel σ-algebra of a locally compact Hausdorff space such that the (bounded) measures ω → P (ω)x, x are inner (and thus outer) regular for all vectors x in the Hilbert space on which P acts. (See [1, Corollary 29.11 p. 183].)
Reminder 2 (the SNAG Theorem for discrete abelian groups). Let ρ be a unitary representation of an abelian group G in a Hilbert space H = {0}. Equip the dual group of G with the compact Hausdorff topology of pointwise convergence on G. There then exists a unique resolution of identity P on the dual group of G such that
(Here g denotes evaluation at g, as with the Gel'fand transformation.) One says that P is the spectral resolution of ρ. A bounded operator on H commutes with the operators ρ(g) (g ∈ G) if and only if it commutes with P . (Stone -Naȋmark -Ambrose -Godement). 
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If a is a Hermitian element of a * -algebra A and if either i or −i does not belong to sp(a) then neither of them belongs to sp(a). (Because for an arbitrary element b of A, one has sp(b * ) = sp(b) as is easily seen.)
Proposition 3. Let π be a representation of a * -algebra A in a preHilbert space H. Assume that a is a Hermitian element of A whose spectrum does not contain i or −i. Then π(a) is essentially self-adjoint.
Proof. Clearly π(a) is symmetric in H. It follows from the preceding remark and formula (1) of subsection 2.3 that the spectrum of π(a) in End(H) does not contain i nor −i. Hence π(a) ± i1 are invertible in End(H), and thus surjective onto H. This implies that π(a) is essentially self-adjoint. Proof. This is so because in this case the Cayley transforms of π(a) and π(b) are commuting bijective isometries of the pre-Hilbert space.
Lemma 5. Let A, B be two essentially self-adjoint operators in a Hilbert space = {0}, whose closures A, B commute spectrally. Then A+iB is essentially normal and its closure is A + iB.
Proof. As noted in subsection 2.6, an operator N is normal if and only if N = R + iS where R and S are self-adjoint and commute spectrally. This implies that A + iB is normal. In particular A + iB is closed. It follows that A + iB is closable and its closure is easily seen to extend the closed operator A + iB ⊃ A + iB. Therefore A + iB = A + iB. Proof. This follows from the preceding three items. 
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Proof of Theorem 1. Let G be the set of unitary elements of A. (Recall that A is supposed to be unital.) Then G is an abelian group contained in A. Let ρ denote the restriction of π to G. We may look at ρ as a unitary representation in a Hilbert space. We won't formally distinguish between an operator ρ(g) (g ∈ G) and its closure.
Let Q be the spectral resolution of ρ. (Cf. subsection 3.2.) Denote by sp(ρ) the support of Q. (Please note that, if necessary, we may consider Q as a resolution of identity on sp(ρ), the support of which is all of sp(ρ). This uses the facts that sp(ρ) is a closed subset of the dual group of G, and that the Borel σ-algebra of sp(ρ) consists of the intersections of sp(ρ) with the Borel sets of the dual group of G as is easily seen.)
Restriction of functions on A to functions on G yields a mapping f from sp(π) ⊂ ∆(A) = ∆ * (A) to the dual group of G. Let λ ∈ sp(ρ). We want to show that λ is the image under f of an element of sp(π). For this purpose, we certainly need to extend λ to a Hermitian multiplicative linear functional on A. We set out to do so.
We shall need that λ satisfies the homogeneity property λ(νg) = νλ(g) for all g ∈ G and all ν in the unit circle. (Please note that νg ∈ G here, but αg / ∈ G if α is a complex number not in the unit circle.) The proof is based on the fact that ρ(νg) = νρ(g) as ρ is a restriction of the homogeneous representation π. Indeed, we then have
This implies 0 = νg − ν g Q-a.e., cf. [9, Proposition (34.15) p. 157]. In other words νg = ν g Q-a.e., that is, λ(νg) = νλ(g) for Q-almost all λ ∈ sp(ρ). Next note that one has λ(νg) = νλ(g) for some g ∈ G if and only if λ(νe) = νλ(e). The set of those λ ∈ sp(ρ) with λ(νe) = νλ(e) thus is an open Q-null set. Since sp(ρ) is the support of Q, this open Q-null set must be empty. This proves the homogeneity property. We then also have the reflection property λ(−g) = −λ(g) for all g ∈ G.
We shall now consider the group ring C[G]. This is the set of complex-valued functions on G with finite carrier. The carrier of a complex-valued function c on G is defined by carrier(c) := { g ∈ G : c(g) = 0 }. Extending λ linearly to C[G] yields a Hermitian multiplicative linear functional which we denote by the same symbol. Consider the surjective * -algebra homomorphism
given by γ(δ g ) := g for all g ∈ G. We would like to define λ as a linear functional on span(G) by putting λ(γ(c)) = λ(c) for all c ∈ C[G]. It suffices to prove that λ vanishes on ker γ. The proof is by induction on the number of elements in carrier(c) for c ∈ ker γ. The statement trivially holds for a number of elements equal to 0 or 1. The case of a number of 2 elements uses the reflection property and the fact that λ can be well-defined as a linear functional on the set of complex multiples of a single element of G, which requires the homogeneity property. Assume now that the statement holds for a number of at most n ≥ 2 elements. Let c ∈ ker γ such that the carrier of c contains at most n + 1 elements. We can assume that c = 0. For any h in the carrier of c, we have by c ∈ ker γ that
It follows that
because by induction hypothesis, λ is well-defined as a linear functional on the vector space of elements of A of the form γ(d) with carrier(d) contained in carrier(c) \ {h}. We conclude that λ can be extended to a Hermitian multiplicative linear functional on span(G) ⊂ A.
The set S := { c ∈ span(G) : c is invertible in A } is a unital * -subsemigroup of span(G). Hence the set of fractions
forms a unital * -subalgebra of A. Next, let a be a Hermitian element of A, and let g ∈ G be its Cayley transform. Then a is the inverse Cayley transform of g:
This says that a is of the form c −1 b where b, c ∈ span(G) with c invertible in A. That is, a ∈ F . Thus every Hermitian element of A is in F . Since F is a complex vector space, it follows that F is all of A.
For a = c −1 b ∈ A with c ∈ S, b ∈ span(G), put λ(a) := λ(c) −1 λ(b). (Please note here that λ(c) ∈ sp(c) is never zero for c ∈ S, cf. formula (3) of subsection 2.3.) It is easy to verify that this definition extends λ to a Hermitian multiplicative linear functional on all of A.
We proceed to prove that the extended λ is in sp(π). We have to show that λ is of the form τ • π for some τ ∈ ∆ π(A) . It suffices to prove that λ vanishes on ker π. For this we need a little preparation.
We shall first show that if g ∈ G satisfies ρ(g) = −1, then λ(g) = −1. Indeed, we then have g dQ = ρ(g) = −1 = −1 dQ, from which g = −1 Q-a.e., cf. [9, Proposition (34.15) p. 157]. This makes that the set of those elements µ of sp(ρ) for which µ(g) = −1 is an open Q-null set. Since sp(ρ) is the support of Q, it follows that this open Q-null set must be empty. This proves that λ(g) = −1 as λ ∈ sp(ρ).
To prove that λ vanishes on ker π, let a ∈ ker π be Hermitian. Let g ∈ G be its Cayley transform. Then π(g) is the Cayley transform of π(a) = 0, which is −1. From what has been proved above, we obtain λ(g) = −1. Now λ(a) is the inverse Cayley transform of λ(g) = −1, which is 0. So λ vanishes on ker π indeed. This finishes the proof of our claim that the original λ ∈ sp(ρ) is the image under f of an element of sp(π).
The inverse of the injective function f thus induces a function
Then E is a σ-algebra on sp(π). We shall now show the property (i) of the statement, namely that the functions a | sp(π) are E-measurable for all a ∈ A. It suffices to show this for Hermitian a ∈ A. Now a Hermitian element a ∈ A is the inverse Cayley transform of an element g ∈ G. Therefore a | sp(π) is the inverse Cayley transform of g | sp(π) . By continuity of the inverse Cayley transformation, it is enough to show that the function g | sp(π) is E-measurable. The latter follows from the fact that the function g | sp(ρ) is continuous and from the definition of E.
We are next going to show the assertions (ii) and (iii). Statement (iii) follows from (ii) because every spectral measure defined on the Borel σ-algebra of the complex plane is a resolution of identity. (See e.g. [1, Lemma 26.2 p. 158].)
Denote
denote the Cayley transformation, and let
denote the inverse Cayley transformation. Let first a ∈ A be Hermitian. Let g ∈ G be the Cayley transform of a. We have
which says that the spectral resolution of ρ(g) is the image g (Q) of Q under g. Proposition 3 says that the operator π(a) is self-adjoint. Also the unitary operator ρ(g) is the Cayley transform of π(a). Therefore the spectral resolution of π(a) is the image of the restriction to Ω of the spectral resolution of ρ(g) under κ −1 , cf. [9, Lemma (42.14) p. 203]. (The set {1} always being a null set for the spectral resolution of the Cayley transform of a self-adjoint operator, cf. loc. cit.) That is
From the fact that g is the Cayley transform κ(a) of a, we get
This implies that
because g (Q)({1}) = 0 as mentioned above. We conclude that
Let now c ∈ A be arbitrary, and let a, b be Hermitian elements of A with c = a + ib. Corollary 7 says that π(c) is normal and that (g) (g ∈ G) . Since G ⊂ A, it follows that b commutes with the operators π(a) (a ∈ A), if and only if b commutes with the operators ρ(g) (g ∈ G). Next we have that b commutes with the operators ρ(g) (g ∈ G) if and only if b commutes with the spectral resolution Q of ρ. The statement follows because the projections occurring in P are the same as those occurring in Q.
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We first give a reminder on the GNS construction, which associates a representation to a positive linear functional.
Reminder 8 (the GNS construction). Let A be a unital * -algebra, and let ϕ be a positive linear functional on A. (That is, ϕ(a * a) ≥ 0 for all a ∈ A.) Assume that ϕ is non-zero. One defines a positive semidefinite sesquilinear form on A by putting Reminder 9 (semiperfect * -algebras). We shall say that a commutative unital * -algebra A is semiperfect, if every non-zero positive linear functional ϕ on A can be disintegrated as ϕ(a) = a dµ for all a ∈ A for some positive measure µ on ∆ * (A).
Theorem 10. Every Hermitian commutative unital * -algebra is semiperfect.
Proof. Let ϕ be a non-zero positive linear functional on a Hermitian commutative unital * -algebra A. Consider the unital representation π associated to ϕ by the GNS construction. Let P be the spectral measure yielded by Theorem 1. Now ϕ can be regained from π via ϕ(a) = π(a)(e + I), (e + I) for all a ∈ A.
We can then take the measure µ : ω → P (ω)(e + I), (e + I) as a disintegrating measure.
